
Frequency Response Analysis (FRA) 

𝐺(𝑠) =
𝐾𝜔𝑛

2

𝑠2+2𝜔𝑛𝑠+𝜔𝑛
2            Second-order transfer function 

𝑠1,2 = −𝜔𝑛 ± 𝜔𝑛√2 − 1   ;          Case 0 <  < 1 

K – Gain; 𝜔𝑛 – Natural frequency (rad/sec);  - damping ratio 

Harmonic Input         𝑥(𝑡) = 𝑋𝑠𝑖𝑛𝜔𝑡 

X – Amplitude (m) ; 𝜔- frequency (rad/sec)  

Transfer function  
𝑌(𝑠)

𝑋(𝑠)
= 𝐺(𝑠) 

Steady-state response: Output 

𝑦𝑠𝑠(𝑡) = 𝑋|𝐺(𝑗𝜔)|𝑠𝑖𝑛(𝜔𝑡 + 𝜑) 

 

𝑠 = 𝑗𝜔; 𝑗 = √−1;  

 |𝐺(𝑗𝜔)| − Magnitude of (𝑗𝜔) ; 𝜑 −Phase of  𝐺(𝑗𝜔) 

|𝐺(𝑗𝜔)| = √𝑅𝑒2(𝜔) + 𝐼𝑚2(𝜔) 

𝜑 = 𝑡𝑎𝑛−1 𝐼𝑚(𝜔)

𝑅𝑒(𝜔)
;   

𝑅𝑒(𝜔) −Real part of 𝐺(𝑗𝜔);  𝐼𝑚(𝜔) − Imaginary part of 𝐺(𝑗𝜔) 

 

Example 

𝐺(𝑠) =
25

𝑠2+5𝑠+25
  ; K =1; 𝜔𝑛 = 5 rad/sec;  = 0.5 

          



𝐺(𝑗𝜔) =
25

(𝑗𝜔)2 + 5𝑗𝜔 + 25
 

=
1 − 0.04𝜔2

(1 − 0.04𝜔2)2 + 0.04𝜔2
− 𝑗

0.2𝜔

(1 − 0.04𝜔2)2 + 0.04𝜔2
 

Case I  Harmonic Input         𝑥(𝑡) = 1 sin 2 𝑡  m 

Thus,    𝑅𝑒(𝜔) =
0.84

0.8656
0.9704;    𝐼𝑚(𝜔) = −

0.4

0.8656
= −0.462 

|𝐺(𝑗𝜔)| = √(0.9704)2 + (−0.462)2 = 1.0747 

𝜑 = 𝑡𝑎𝑛−1 𝐼𝑚(𝜔)

𝑅𝑒(𝜔)
= 𝑡𝑎𝑛−1 (−0.462)

(0.9704)
= −25.45 degree 

Steady-state response: Output 

𝑦𝑠𝑠(𝑡) = 𝑋|𝐺(𝑗𝜔)|𝑠𝑖𝑛(𝜔𝑡 + 𝜑) = 1(1.0747)𝑠𝑖𝑛(2𝑡 − 25.45𝑜) m 
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Case II  Harmonic Input         𝑥(𝑡) = 1 sin 5 𝑡  m 

 

Case III  Harmonic Input         𝑥(𝑡) = 1 sin 10 𝑡  m 
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